Abstract-A finite-element method based on the scallll"-wa ve approximation is developed for the analysis of magnetooptic waveg uides. A si mple and efficient itentive method is proposed for soh'ing a nonli nea r eige nvalue equation derived from the scalar fi nite-element approach. To show the validity and usefulness of this method, examples are computed for magnetooptic rib-type a nd ridge-type waveguides. Subsequently, we discuss the waveguide structures which have la rger non reciprocal phase shift.
I. INTRODUCTION
A MAGNETOOPTIC waveguide is one of the key elements in nonreciprocal devices such as isolators and circulators. Theoretical studies on the nonreciprocity of magnetooptic waveguides have mainly focused on planar (two-dimensional) waveguides (lH4] . lWo-dimensional waveguides can trap optical fi elds in the direction of the thickness (y direction), but allow the fie lds to spread in the horizontal direction (x di rectio n). In order to faci litate the construction of integrated no nreciprocal devices, channel (th ree-dimensional) waveguides, which trap optical fiel ds in both x and y directions, are more importanl. It is, in general, difficull 10 analyze three-dimensional waveguides with nonreciprocal properties, and approximate analytical methods, such as the Marcat ili method [5J and the effect ive index method have been used [6] - [8] .
In Ihis paper, a new numerical solution method, which is more accurate and can be applied to various magnctooptic channel waveguides, is developed. This approach is based on the fi nite-element method and the scalar-wave approximation [9] -[J 1]. A simple and efficient iterative method is proposed for solving a nonlinear eigenvalue equation derived from the scalar fini te-element approach. The validity and usefulness of this method are confirmed by analyzing the magnetooptic ribtype and ridge-type wavegu ides. We also discuss possible ways to get larger nonreciprocal phase shift. Because the formula tion is based on the scalar-wave approximation, spurious solutions that are included in the vector fi nite-element method (12) 
where W is the angu lar frequency, E and H are the electric and magnetic fi elds, respectively, (0 and ~o are the permittivity and permeability of free space, respectively, and [frl is the relative permittiv ity tensor. We conside r magnetooptic channel waveguides as shown in Fig. 1 , where all the materials are assumed to be lossless, light propagates along the z direction, and the dc magnetic field is applied in the x direction. The relative pcrmiltivity tensor of the magnetooplic material can be wrillen as o n' , -;6 (5) where 11.." 11. .. , and n~ are the refractive indexes in the x , y, and z directions, respectively, and {j represents the first-order magnetooptic effect, which causes nonreciprocal nature and is related to the Faraday rotation.
Rewriting (1}-{4) in component form, we have 
Generally, a waveguide fo r the optical integrated circuit will
• I I
• support the propagation of waves having two possible fi eld configurations, classified as the EZ and Ell modes [5) , which are well approximated by the TE (Ell = 0, a leading function is E z ) and TM (HII = 0, a leading function is Hz) modes, respectively. Substituting (17) and (18) into (9) and neglecting the terms of El" we obtain the following basic equation f9r
r. 
where ko is the wavenumber of free space and is given by ko = 211"/ A with A being the wavelength of free space.
Substituting (15) and (16) into (6) and neglecting the terms
• of Hil I we obtain the fo llowing basic equation for the Ell modes: 
8H. . . , 8H II
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where tJ is the phase constant in the z direction and v is a directional parameter given by
Assuming 0 « n~ (i = x , y, z) and 60/ ox ::::: 0, from (7). (8) (1
The functiona ls are given by 
E. ~ {N)T{ E.). H. ~ {N)T {H.).
(24)
where {E z } e and {H z}" are the nodal electric and magnetic fie ld vectors for each element, respectively, {N} is the shape funct ion vector for the quadratic triangular element, and T denotes a transpose.
Substituting (24) into (22) and using the variational principle, we obtain the following eigenvalue equation for the EZ modes:
where {Ex} is the global electric field vector, {O} is a null vector, neff = 131 ko is the effective refractive index, and the We define the normalized nonreciprocal phase shift ¢ as follows [7] , [8] :
where I is a waveguide length, and the retardations ¢/ and ¢", respectively, for the +z and -z propagations arc given by
2,1 ¢b = T(nbx -nby). Substituting (33) and (34) Fig. 2 shows the flowchart of the iterative process, where ..6. is the value for judging the convergence. In this calculation we set ..6. = 10-10 , and the convergent solution is obtained within four or five iterations.
V. NUMERICAL RESULTS AND DISCUSSION
We consider the magnetooptie channel waveguides as shown in Fig. 1 , where the wavelength ..\ is 1.152/'Lm and the refractive indexes of a substrate and a top layer are n~ = 1.95 and nc = 1.0, respectively. The refractive index no: = n 1l = n z ~ n and the off-diagonal component of the relative permittivity tensor 0 of magnetooptic materials are given in Table I [2], [7] , [8] , (13] . For simplicity, we assume the artificial boundary walls x = ±X /2, y = -Y~, and y = t + Y c (magnetooptic rib waveguides) or y = t+h +Y c (magnetooptic ridge waveguides) far from the core region.
A. Magnerooptic Rib Waveguides
We consider the magnetooptic rib waveguides as shown in Fig. l(a) and (b) , where the rib width Wand rib height dare 311m and 12 nm, respectively, X = 20.6/'Lm, Y& = 1.9 11m, and Y c = 0.5 11m. A magnetooptic material is used as a guided layer [7] . [8] and a substrate [4), [14] in Fig. l(a) and (b) , respectively.
The magnitude of the nonreciprocal phase shift I¢I as a function of LaGa:YIG film thickness is shown in Fig. 3(a) by the solid line. The results obtained agree approximately with the experimental results [7] . The results of the planar waveguide (d = 0) arc also shown in Fig. 3(a) , by the dotted line. Fig. 3(b) .
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,. 0 The magnitude of the nonreciprocal phase shift of a rib waveguide on a YIG substrate as a funct ion of guided layer thickness is shown in Fig. 4(a) . The difference between the refractive indexes of a YlG fi lm and an isot(()pic substrate in Fig. 3(b) is 0.23 . The same index difference is obtained for n, = 2.41 in Fig. 4(a) . Comparing these two cases, we can find that the nonreciprocal phase shift becomes larger for the structure using a magnetooptic material as a substrate. Furthermore, the nonreciprocal phase shift becomes larger with an increase of the refractive index difference between a guided layer and a substrate. For a rib waveguide with a guided layer of nf = 3.44 on a YIG, Bi:YIG, or Bi:GdIG substrate, the nonreciprocal phase shift as a function of guided layer thickness is shown in Fig. 4(b) . A larger value of 11>1 is obtained for a Bi:GdIG substrate.
B. Magllerooptic Ridge Waveguides
We consider the magnetooptic ridge waveguides as shown in [7] , the magnitude of the nonreciprocal phase shift as a function of isotropic loading layer thickness is shown in Fig. 5(a) can find that when using a magnetooptic material as a loading layer, the value of 14>1 becomes larger and the change of ItPl against the loading layer thickness becomes gentler.
VI. CONCLUSIONS
A scalar finite-e lement method was developed for the analysis of magnetooptic channel waveguides. In this approach, the nonphysical spurious solutioflS do not appear. To show the validity of this method, computed results were compared with the earlier experimental results. Also, the structures with larger nonreciprocal phase shift were investigated in detail.
The nonreciprocal phase shift is larger for an isotropic guided layer on a magnetooptic substrate than for a magnetooptic guided layer on an isotropic substrate. The larger the difference between the refractive indexes of a guided layer and a substrate becomes, the larger the nonreciprocal phase shift becomes. In the structure with an additional loading layer, the nonreciprocal phase shift is larger and its change against the loading layer thickness becomes gentler when using a magnetooptic material as a loading layer than when using an isotropic material as a loading layer.
Although a scalar finite-element approach is very convenient, its formulation is approximate in a strict sense.
